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HAMILTONIAN DYNAMICS ON MATCHED PAIRS
OĞUL ESEN AND SERKAN SÜTLÜ
Abstract. The cotangent bundle of a matched pair Lie group, and its trivialization, are shown to be a
matched pair Lie group. The explicit matched pair decomposition on the trivialized bundle is presented.
On the trivialized space, the canonical symplectic two-form and the canonical Poisson bracket are ex-
plicitly written. Various symplectic and Poisson reductions are perfomed. The Lie-Poisson bracket is
derived. As an example, Lie-Poisson equations on sl(2,C)∗ are obtained.
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1. Introduction
A matched pair Lie group G ⊲⊳ H is a Lie group by itself containing G and H as two non-intersecting
Lie subgroups acting on each other subject to certain compatibility conditions [13, 15, 14, 16, 34]. In
our previous work [6], we have studied the Lagrangian dynamics on the matched pair Lie algebra g ⊲⊳ h,
and the tangent bundle T (G ⊲⊳ H). In the present work, we investigate the geometry of the cotangent
bundle T ∗(G ⊲⊳ H), and present the symplectic structure, together with the Hamiltonian dynamics
on it. Moreover, we consider various symplectic and Poisson reductions, and obtain the Lie-Poisson
equations on the matched pair Lie coalgebra g∗ ◮◭ h∗.
The dynamics on matched pairs are interesting frommany points of views. The existence of the mutual
group actions leads to a nontrivial, and purely geometrical, way of coupling two dynamical equations
of two interacting systems. Conversely, realizing the configuration space of a dynamical system as a
matched pair, one can decompose the configuration space, as well as the dynamical equations, into
simpler parts. Furthermore, if one of the mutual actions is trivial, then the matched pair Lie group
reduces to a semi-direct product Lie group. In that sense, the dynamics on matched pairs can be
understood as a generalization of the well-studied semi-direct product theory, [5, 19, 22, 23, 24, 32].
The paper is organized in three sections.
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The following section is devoted to the basic definitions related to the matched pairs, and the lifts of
the group actions to tangent and cotangent spaces. It is this section that we discuss the matched pair
decomposition of the cotangent group T ∗(G ⊲⊳ H), and we observe that it is the matched pair group of
the semi-direct products (h∗ ⋊G) and (g∗ ⋊H).
In the third section, we study the symplectic structure on T ∗(G ⊲⊳ H), and we derive the Hamilton’s
equations. In this section we also consider the symplectic and Poisson reductions with respect to the
symmetries given by G, H, and G ⊲⊳ H. In particular, under the reflexivity conditions, a reduced
Hamiltonian function(al) H = H(µ, ν) on g∗ ◮◭ h∗ generates, what we call, the matched Lie-Poisson
equations
(1.1)


dµ
dt = ad
∗
δH
δµ
(µ) + δHδν
∗
⊲ µ+ a∗δH
δν
ν,
dν
dt = ad
∗
δH
δν
(ν) + δHδµ
∗
⊲ ν + b∗δH
δµ
µ.
In the set (1.1), the first terms in the right hand sides come from the individual Lie-Poisson equations
for the dual spaces g∗ and h∗, respectively. The second and the third terms of (1.1) on the right
however, are the results of the existence of the infinitesimal actions of g on h∗, and the actions of h
on g∗ induced from the group actions. We also show in this section that if, in particular, one of these
actions is trivial, then (1.1) reduces to the semidirect product Lie-Poisson dynamics. We conclude the
section by the presentations of the Legendre transformation, under the nondegeneracy conditions, from
the Lagrangian dynamics on T (G ⊲⊳ H) and g ⊲⊳ h, to the Hamiltonian dynamics on T ∗(G ⊲⊳ H) and
g∗ ◮◭ h∗, respectively.
The forth, and the last, section is reserved to study the Lie-Poisson equations (1.1) on a concrete
example. Just as we did in our previous work [6], we consider SL(2,C) and its Iwasawa decomposition.
For the sake of completeness, and in order to widen the spectrum of the potential readers, we include
five appendices. In the first one, we briefly summarize the symplectic and the Poisson reductions in
a more abstract framework [20, 25, 28]. The second appendix is for the Hamiltonian dynamics on Lie
groups, whereas the third appendix recalls the Hamiltonian reduction from [21]. On the fourth appendix
we provide the basics on the Legendre transformation for a dynamical system whose configuration space
is a Lie group. In the last appendix, the definition of a Lie coalgebra is given [16, 29].
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2. Cotangent Bundle of a Matched Pair Group
In this section we summarize the notion of a matched pair of Lie groups, and illustrate the group
structure of the cotangent group of a matched pair Lie group.
Let us first fix our notation. Let G and H be two Lie groups, with the Lie algebras g and h,
respectively. We shall denote the elements by
g, g1, g2 ∈ G, h, h1, h2 ∈ H, ξ, ξ1, ξ2 ∈ g, η, η1, η2 ∈ h, Ug ∈ TgG, Vh ∈ ThH,
µ, µˆ, µ1, µ2 ∈ g∗, ν, νˆ, ν1, ν2 ∈ h∗, αg ∈ T ∗gG, βh ∈ T ∗hH,
where TG, TH are the tangent bundles, and T ∗G, T ∗H are the cotangent bundles of the groups G and
H, respectively. The Lie group G acts on its Lie algebra g from the left by the adjoint action ξ 7→ Adg ξ,
and hence the Lie algebra g acts on itself from the left by the infinitesimal adjoint action ξ2 7→ adξ1 ξ2.
The (left) coadjoint action µ 7→ Ad∗g µ of G on the dual space g∗ is then given by
(2.1)
〈
Ad∗g µ, ξ
〉
=
〈
µ,Adg−1 ξ
〉
.
On the infinitesimal level, the (left) coadjoint action µ 7→ ad∗ξ µ of g on its dual g∗ is given by
(2.2)
〈
ad∗ξ1 µ, ξ2
〉
= −〈µ, adξ1 ξ2〉 .
2.1. Matched pair of Lie groups, Lie algebras and Lie coalgebras. In this subsection we recall
the basics on the matched pairs of Lie groups, Lie algebras and Lie coalgebras. We refer the reader to
[6, 13, 14, 15, 16, 29, 34, 37] for further details on the subject.
Let (G,H) be a pair of Lie groups, such that H acts on G from the left, and G acts on H from the
right by
(2.3) ρ : H ×G→ G, (h, g) 7→ h ⊲ g, σ : H ×G→ H, (h, g) 7→ h ⊳ g.
The pair (G,H) is called a matched pair of Lie groups if the mutual actions (2.3) satisfy the compatibility
conditions
h ⊲ (g1g2) = (h ⊲ g1) ((h ⊳ g1) ⊲ g2) , (h1h2) ⊳ g = (h1 ⊳ (h2 ⊲ g)) (h2 ⊳ g) ,
h ⊲ eG = eG, eH ⊳ g = eH ,
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where eG ∈ G and eH ∈ H are the identity elements. In this case, the Cartesian product G×H becomes
a Lie group with the multiplication
(g1, h1) (g2, h2) = (g1 (h1 ⊲ g2) , (h1 ⊳ g2)h2) = (g1ρ (h1, g2) , σ (h1, g2)h2) ,
and is denoted by G ⊲⊳ H. In case one of the actions in (2.3) is trivial, the matched pair group G ⊲⊳ H
reduces to a semi-direct product.
We next recall the matched pair of Lie algebras. Let (g, h) be a pair of Lie algebras equipped with
the mutual actions we denote by
(2.4) ⊲: h⊗ g→ g, η ⊗ ξ 7→ η ⊲ ξ, ⊳: h⊗ g→ h, η ⊗ ξ 7→ η ⊳ ξ.
Then the pair (g, h) is called a matched pair of Lie algebras if the compatibilities
η ⊲ [ξ1, ξ2] = [η ⊲ ξ1, ξ2] + [ξ1, η ⊲ ξ2] + (η ⊳ ξ1) ⊲ ξ2 − (η ⊳ ξ2) ⊲ ξ1,
[η1, η2] ⊳ ξ = [η1, η2 ⊳ ξ] + [η1 ⊳ ξ, η2] + η1 ⊳ (η2 ⊲ ξ)− η2 ⊳ (η1 ⊲ ξ),
are satisfied. In this case, the sum g⊕ h is a Lie algebra with the Lie bracket
(2.5) [(ξ1, η1), (ξ2, η2)] = ([ξ1, ξ2] + η1 ⊲ ξ2 − η2 ⊲ ξ1, [η1, η2] + η1 ⊳ ξ2 − η2 ⊳ ξ1) ,
and is denoted by g ⊲⊳ h. We note that the Lie algebra of the matched pair group G ⊲⊳ H is the matched
pair Lie algebra g ⊲⊳ h, see for instance [14].
We conclude the present subsection with a brief discussion on the matched pair of Lie coalgebras.
We refer the reader to Appendix E for details on Lie coalgebras, and their coactions. A pair (G,H)
of Lie coalgebras is called a matched pair of Lie coalgebras if G is a left H-comodule, and H is a right
G-comodule, such that
µ[−1] ⊗ µ[0][1] ⊗ µ[0][2] = µ[1][−1] ⊗ µ[1][0] ⊗ µ[2] + µ[2][−1] ⊗ µ[1] ⊗ µ[2][0] + µ[−1][0] ⊗ (µ[−1][1] ⊗ µ[0] − µ[0] ⊗ µ[−1][1]),
ν[0][1] ⊗ ν[0][2] ⊗ ν[1] = ν[1] ⊗ ν[2][0] ⊗ ν[2][1] + ν[1][0] ⊗ ν[2] ⊗ ν[1][1] + ν[0] ⊗ ν[1][−1] ⊗ ν[1][0] − ν[1][−1] ⊗ ν[0] ⊗ ν[1][0] ,
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for any µ ∈ G, and any ν ∈ H, see for instance [37]. In this case, G ◮◭ H := G ⊕ H becomes a Lie
coalgebra with the cobracket given by
δG◮◭H(µ) = µ[1] ⊗ µ[2] + µ[−1] ⊗ µ[0] − µ[0] ⊗ µ[1], δG◮◭H(ν) = ν[1] ⊗ ν[2] + ν[0] ⊗ ν[1] − ν[−1] ⊗ ν[0] .
Let g ⊲⊳ h be a matched pair Lie algebra. Then, dualizing the mutual actions, (g ⊲⊳ h)∗ becomes a Lie
coalgebra denoted by g∗ ◮◭ h∗. Recalling (2.5), the cobracket is given by
〈
δg∗◮◭h∗(µ, ν), (ξ1, η1)⊗ (ξ2, η2)
〉
=
〈
(µ, ν), [(ξ1, η1), (ξ2, η2)]
〉
=
〈
µ, [ξ1, ξ2] + η1 ⊲ ξ2 − η2 ⊲ ξ1
〉
+
〈
ν, [η1, η2] + η1 ⊳ ξ2 − η2 ⊳ ξ1
〉
.(2.6)
In the sequel we shall identify (g ⊲⊳ h)∗ with g∗ ◮◭ h∗. We therefore write, for the right trivialization of
the cotangent bundle of a matched pair group, T ∗(G ⊲⊳ H) ≃ (g∗ ◮◭ h∗) ⋊ (G ⊲⊳ H). As we shall see
in the forthcoming section, the cobracket (2.6) determines the structure of the Lie-Poisson bracket, and
hence the reduced dynamics, on g∗ ◮◭ h∗.
2.2. Tangent and cotangent lifts of the actions. Freezing one of the arguments of the left action
ρ : H ×G→ G of (2.3), we arrive at two differentiable mappings
ρg : H → G, h 7→ h ⊲ g, ρh : G→ G, g 7→ h ⊲ g,(2.7)
the tangent lifts of which are
(2.8) Thρg : ThH → Th⊲gG, Tgρh : TgG→ Th⊲gG,
respectively. In particular, over the identity they become
TeHρg : h→ TgG η 7→ η ⊲ g, TeGρh : g→ g ξ 7→ h ⊲ ξ.(2.9)
Hence, the lifted action of the group H on the tangent bundle TG, and the Lie algebra g are given by
ρˆ : H × TG→ TG (h,Ug) 7→ h ⊲ Ug := Tgρh (Ug) ∈ Th⊲gG,(2.10)
ρˆ : H × g→ g (h, ξ) 7→ h ⊲ ξ := Teρh (ξ) .(2.11)
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Differentiating (2.10) with respect to the group variable, we obtain the mappings
ThρˆUg : ThH → Th⊲UgTG Vh 7→ ThρˆUg (Vh) =: Vh ⊲ Ug.(2.12)
In particular, for h = eH and g = eG, this mapping reduces to
(2.13) bξ := TeH ρˆξ : h→ g, η 7→ η ⊲ ξ
which enables us to define the left action (η, ξ) 7→ η ⊲ ξ of h on g in (2.4). By freezing η we arrive at
the mapping
(2.14) bη : g→ g, ξ 7→ η ⊲ ξ,
which is the infinitesimal generator of the action (2.11).
We next discuss the cotangent lifts briefly. The cotangent lift T ∗ρh gives the right action of the group
H on the cotangent bundle T ∗G, and the linear algebraic dual g∗ of g by
ρˆ∗ : T ∗G×H → T ∗G (αg, h) 7→ αg
∗
⊳ h := ρˆ∗h(αg) = T
∗
h−1⊲gρh (αg) ∈ T ∗h−1⊲gG,(2.15)
ρˆ∗ : g∗ ×H → g∗ (µ, h) 7→ µ ∗⊳ h := T ∗e ρh(µ)(2.16)
where the dualization is
(2.17)
〈
αg
∗
⊳ h,Uh−1⊲g
〉
=
〈
αg, h ⊲ Uh−1⊲g
〉
.
Finally, the dualizations of the mappings in (2.13) and (2.14) are given by
(2.18) 〈b∗ξµ, η〉 = 〈µ, bξη〉, 〈µ
∗
⊳ η, ξ〉 = 〈µ, η ⊲ ξ〉,
respectively. Note that, in these dualizations, we arrive at the infinitesimal right action of h on g∗.
Similar arguments can be repeated for the right action σ : H ×G→ H. This time we start with the
mappings
σh : G→ H, g 7→ h ⊳ g, σg : H → H, h 7→ h ⊳ g,
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and their derivatives
Tgσh : TgG→ Th⊳gH, Thσg : ThH → Th⊳gH,(2.19)
TeGσh : g→ ThH, ξ 7→ h ⊳ ξ, TeHσg : h→ h, η 7→ η ⊳ g.(2.20)
The right action of G on the tangent bundle TH and h are given by
σˆ : TH ×G→ TH, (Vh, g) 7→ Vh ⊳ g := Thσg (Vh) ∈ Th⊳gH,(2.21)
σˆ : h×G→ h, (η, g) 7→ η ⊳ g := TeHσg (η) ∈ h.(2.22)
Freezing the vector entry, we arrive at σˆVh : G→ TH whose derivative is
TgσˆVh : TgG→ TVh⊳gTH Ug 7→ Vh ⊳ Ug.
In particular, for g = eG and h = eH , we obtain
(2.23) aη := TeG σˆη : g→ h, ξ 7→ η ⊳ ξ
which yields the right action (η, ξ) 7→ η ⊳ ξ of g on h in (2.4). By freezing ξ,
(2.24) aξ : h→ g, ξ 7→ η ⊲ ξ
is the infinitesimal generator of the action (2.22).
As for the cotangent lifts, we have
σˆ∗ : G× T ∗H → T ∗H, (g, βh) 7→ g
∗
⊲ βh := T
∗
h⊳g−1σg (βh) ∈ T ∗h⊳g−1H,(2.25)
σˆ∗ : G× h∗ → h∗, (ν, g) 7→ g ∗⊲ ν := T ∗eHσg (ν) ,(2.26)
where 〈
g
∗
⊲ βh, Vh⊳g−1
〉
=
〈
βh, Vh⊳g−1 ⊳ g
〉
.
In particular, we have the dual actions
〈
ξ
∗
⊲ ν, η
〉
= 〈ν, η ⊳ ξ〉 , 〈a∗ην, ξ〉 = 〈ν, aη(ξ)〉 = 〈ν, η ⊳ ξ〉,(2.27)
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where the mapping aη is in (2.23).
We conclude with the (co)adjoint action of the matched pair group G ⊲⊳ H on the Lie algebra g ⊲⊳ h,
and its dual (g ⊲⊳ h)∗. The tangent lifts of the left and right regular actions of G ⊲⊳ H are given by
T(g2,h2)L(g1,h1)(Ug2 , Vh2) =
(
Th1⊲g2Lg1(h1 ⊲ Ug2), Th1⊳g2Rh2 (h1 ⊳ Ug2) + Th2L(h1⊳g2)Vh2
)
,(2.28)
T(g1,h1)R(g2,h2) (Ug1 , Vh1) =
(
Tg1R(h1⊲g2)Ug1 + Th1⊲g2Lg1 (Vh1 ⊲ g2) , Th1⊳g2Rh2 (Vh1 ⊳ g2)
)
,(2.29)
where (Ugi , Vhi) ∈ T(gi,hi)(G ⊲⊳ H) for i = 1, 2. Following (2.1), for any (g, h) ∈ G ⊲⊳ H, (ξ, η) ∈ g ⊲⊳ h,
(µ, ν) ∈ (g ⊲⊳ h)∗, we have
Ad(g,h)−1(ξ, η) = (h
−1
⊲ ζ, Th−1Rh(h
−1
⊳ ζ) +Adh−1(η ⊳ g)),(2.30)
Ad∗(g,h)(µ, ν) = (Ad
∗
gλ, T
∗
eHρg ◦ T ∗Lg−1λ+ T ∗eHρg ◦ Ad∗hν)(2.31)
where we use the abbreviations
ζ := Adg−1ξ + TgLg−1(η ⊲ g) ∈ g, λ = h
∗
⊲ µ+ T ∗eGσh−1 ◦ T ∗Rhν ∈ g∗.
Accordingly, the infinitesimal adjoint action of g ⊲⊳ h on its dual space (g ⊲⊳ h)∗ is given by
(2.32) ad∗(ξ,η)(µ, ν) = (ad
∗
ξ(µ) + µ
∗
⊳ η + a∗ην, ad
∗
η(ν) + ξ
∗
⊲ ν + b∗ξµ).
2.3. Cotangent bundle of a matched pair Lie group. The right trivialization of the cotangent
bundle of a Lie group yields
(2.33) T ∗(G ⊲⊳ H) ∼= (g ⊲⊳ h)∗ ⋊ (G ⊲⊳ H) = (g∗ ◮◭ h∗)⋊ (G ⊲⊳ H),
by which we identify the group structure with that of the semi-direct product (g∗ ◮◭ h∗) ⋊ (G ⊲⊳ H).
The group multiplication on the trivialized space is
(µ1, ν1, g1, h1) · (µ2, ν2, g2, h2) = ((µ1, ν1) +Ad∗(g1,h1)(µ2, ν2), (g1 (h1 ⊲ g2) , (h1 ⊳ g2)h2)),(2.34)
where Ad∗ is the coadjoint action (2.31) of the matched pair group G ⊲⊳ H on the dual space g∗ ◮◭ h∗. A
direct calculation shows that the inclusions T ∗G →֒ T ∗(G ⊲⊳ H) ←֓ T ∗H are not group homomorphisms.
Instead, we have the following decomposition.
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Lemma 2.1. Let G ⊲⊳ H be a matched pair Lie group, and (g∗ ◮◭ h∗)⋊ (G ⊲⊳ H) be the trivialization
of the matched pair cotangent group. Then the mappings
g∗ ⋊H →֒ (g∗ ◮◭ h∗)⋊ (G ⊲⊳ H) ←֓ h∗ ⋊G
given by
(µ, h) →֒ ((µ, 0), (eG, h)), ((0, ν), (g, eH )) ←֓ (ν, g)
determine two subgroups.
Proof. Let us first note that g∗⋊H is the semi direct product group formed by the action of the group
H on the Lie algebra g, and hence to g∗. Similarly the group structure h∗ ⋊ G is determined by the
action of the group G on h∗. It follows from
Ad∗(eG,h)(µ, 0) = (h
∗
⊲ µ, 0), Ad∗(g,eH )(0, ν) = (0, g
∗
⊲ ν)
that these actions indeed coincide with the coadjoint action of the group G ⊲⊳ H on its Lie algebra
g ⊲⊳ h. We finally see that the images of the embeddings are indeed closed, under multiplication, by
((µ1, 0), (eG, h1))((µ2, 0), (eG, h2)) = ((µ1 + h
∗
⊲ µ2, 0), (eG, h1h2)),
and similarly by
((0, ν1), (g1, eH))((0, ν2), (g2, eH)) = ((0, ν1 + g1
∗
⊲ ν2), (g1g2, eH)).

Lemma 2.2. The mapping
(2.35) (g∗ ⋊H)× (h∗ ⋊G) −→ (g∗ ◮◭ h∗)⋊ (G ⊲⊳ H)
given by the multiplication in (g∗ ◮◭ h∗)⋊ (G ⊲⊳ H) is an isomorphism.
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Proof. Let us first note that
(µ, h) · (ν, g) = ((µ, 0), (eG, h))((0, ν), (g, eH ))
= ((µ, 0) +Ad∗(eG,h)(0, ν), (h ⊲ g, h ⊳ g))
= ((µ + ν ◦ Th−1Rh ◦ TeGσh−1 , Ad∗h(ν)), (h ⊲ g, h ⊳ g)).
Next, given ((µ̂, ν̂), (ĝ, ĥ)) ∈ (g∗ ◮◭ h∗) ⋊ (G ⊲⊳ H), we see that h ⊲ g = ĝ and h ⊳ g = ĥ implies
g = (ĥ−1 ⊲ ĝ−1)−1 and h = (ĥ−1 ⊳ ĝ−1)−1, respectively. As a result,
((µ̂, ν̂), (ĝ, ĥ)) 7→
((µ̂−Ad∗
ĥ−1⊳ĝ−1
(ν̂) ◦ T
ĥ−1⊳ĝ−1
R
(ĥ−1⊳ĝ−1)−1
◦ TeGσĥ−1⊳ĝ−1 , (ĥ−1 ⊳ ĝ−1)−1), (Ad∗ĥ−1⊳ĝ−1(ν̂), (ĥ
−1 ⊲ ĝ−1)−1))
is the inverse of the mapping (2.35). 
Corollary 2.3. Given a matched pair (G,H) of Lie groups,
(g∗ ◮◭ h∗)⋊ (G ⊲⊳ H) ∼= (g∗ ⋊H) ⊲⊳ (h∗ ⋊G).
Furthermore, the mutual actions are given by
(ν, g) ⊲ (µ, h) = (Ad∗g(µ)−Ad∗h−1⊳g−1(ν + µ ◦ TLg−1 ◦ Tρg) ◦ TR(h−1⊳g−1)−1 ◦ Tσh−1⊳g−1 , (h−1 ⊳ g−1)−1),
(ν, g) ⊳ (µ, h) = (Ad∗h−1⊳g−1(ν + µ ◦ TLg−1 ◦ Tρg), (h−1 ⊲ g−1)−1).
Accordingly, the product on the trivialized cotangent group (g∗ ⋊H) ⊲⊳ (h∗ ⋊G) is given by
((µ1, h1), (ν1, g1)) · ((µ2, h2), (ν2, g2)) = ((µ1, h1)((ν1, g1) ⊲ (µ2, h2)), ((ν1, g1) ⊳ (µ2, h2))(ν2, g2)).
3. Hamiltonian Dynamics on Matched Pairs
3.1. Symplectic structure and Hamilton’s equations. Let us first note that the Lie algebra of the
right trivialized cotangent bundle (g∗ ◮◭ h∗) ⋊ (G ⊲⊳ H) is the quadrable (g∗ ◮◭ h∗) ⋊ (g ⊲⊳ h). The
choice right trivialization is motivated by the goal of expressing the right invariant vector fields (those
generating the left action) in a concise form. Following Appendix C, a right invariant vector field X on
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(g∗ ◮◭ h∗)⋊ (G ⊲⊳ H) is generated by an element (µˆ, νˆ, ξ, η) ∈ (g∗ ◮◭ h∗)⋊ (g ⊲⊳ h) as
X(µˆ,νˆ,ξ,η) (µ, ν, g, h) =
(
(µˆ, νˆ) + ad∗(ξ,η)(µ, ν), TR(g,h)(ξ, η)
)
,(3.1)
where ad∗ is the infinitesimal coadjoint action in (2.32), and TR the tangent lift of the right translation
on G ⊲⊳ H given by (2.29). In view of (B.10) and (B.11), the values of the pull-backs of the canonical
one-form θ, and hence the symplectic two-form Ω on (g∗ ◮◭ h∗)⋊(G ⊲⊳ H), on the right invariant vector
fields are
θ(X(µˆ,νˆ,ξ,η)) (µ, ν, g, h) = 〈µ, ξ〉+ 〈ν, η〉 ,(3.2)
Ω(X(µˆ1,νˆ1,ξ1,η1),X(µˆ2,νˆ2,ξ2,η2)) (µ, ν, g, h) = 〈(µˆ2, νˆ2), (ξ1, η1)〉(3.3)
− 〈(µˆ1, νˆ1), (ξ2, η2)〉+ 〈(µ, ν), [(ξ1, η1), (ξ2, η2)]〉 ,
where the bracket on the right hand side is the one in (2.5).
Proposition 3.1. For a Hamiltonian functional H = H(µ, ν, g, h) on (g∗ ◮◭ h∗) ⋊ (G ⊲⊳ H), the
Hamilton’s equations are
(3.4)


dg
dt
= TRg
(
δH
δµ
)
+
δH
δν
⊲ g,
dh
dt
= TRh
(
δH
δν
⊳ g
)
,
dµ
dt
= −T ∗eGRg
(
δH
δg
)
+ ad∗δH
δµ
(µ) + µ
∗
⊳
δH
δν
+ a∗δH
δν
ν,
dν
dt
= −T ∗eHρg
(
δH
δg
)
− g ∗⊲ T ∗eHRh
(
δH
δh
)
+ ad∗δH
δν
(ν) +
δH
δµ
∗
⊲ ν + b∗δH
δµ
µ.
Here ⊲ denotes the infinitesimal left action (2.9) of h on G, ⊳ is the lifted right action (2.20) of G on
h. The action
∗
⊲ stands both for the dual left action (2.26) of G on h∗, and (2.27) of g on h∗, whereas
∗
⊳ is for the right action h on g∗ given by (2.18). Finally, the dual mappings a∗ and b∗ are given by
(2.27) and (2.18) respectively.
Proof. Recall that for a Hamiltonian functional H, the Hamilton’s equations are implicitly given by
(3.5)
d
dt
(µ, ν) = −T ∗R(g,h)(
δH
δ(g, h)
) + ad∗ δH
δ(µ,ν)
(µ, ν),
d
dt
(g, h) = TR(g,h)(
δH
δ(µ, ν)
),
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where T ∗R is the cotangent lift of the right translation on G ⊲⊳ H. Dualizing (2.29), it is given by
(3.6) T ∗(eG,eH)R(g,h)(αg, βh) =
(
T ∗eGRg(αg), T
∗
eH
ρg(αg) + g
∗
⊲ T ∗eHRh(βh)
)
.
The claim now follows from a direct computation. 
Proposition 3.2. The canonical Poisson bracket corresponding to the symplectic structure (3.3) is
{H,F}T ∗(G⊲⊳H) (µ, ν, g, h) =
〈
T ∗Rg
(
δH
δg
)
,
δF
δµ
〉
−
〈
T ∗Rg
(
δF
δg
)
,
δH
δµ
〉
+
〈
µ,
[
δH
δµ
,
δF
δµ
]〉
︸ ︷︷ ︸
K: Canonical Poisson bracket on g∗ ⋊G
(3.7)
+
〈
T ∗ρg
(
δH
δg
)
,
δF
δν
〉
−
〈
T ∗ρg
(
δF
δg
)
,
δH
δν
〉
+
〈
ν,
[
δH
δν
,
δF
δν
]〉
︸ ︷︷ ︸
L: Poisson bracket on h∗ ⋊G
+
〈
g
∗
⊲ T ∗eHRh
(
δH
δh
)
,
δF
δν
〉
−
〈
g
∗
⊲ T ∗eHRh
(
δF
δh
)
,
δH
δν
〉
︸ ︷︷ ︸
M1: Terms by the action of G on T ∗H
−
〈
δH
δµ
∗
⊲ ν,
δF
δν
〉
−
〈
δF
δµ
∗
⊲ ν,
δH
δν
〉
︸ ︷︷ ︸
M2: Terms by the action of g on h
∗
+
〈
µ,
δH
δν
⊲
δF
δµ
〉
−
〈
µ,
δF
δν
⊲
δH
δµ
〉
︸ ︷︷ ︸
N : Terms by the action of h on g∗
.
The proof of this can be deduced directly by the proper substitutions in (B.13). We classify all terms
on the right hand side of (3.7) with respect to the actions. The terms labeled by K are those obtained
by the canonical Poisson bracket on g∗⋉G, see for instance (B.13). Those labeled by M1 andM2 are the
results of the action (2.25) of G on T ∗H and its infinitesimal generator, respectively. Finally, the terms
labeled by N depend on the action (2.9) of h on g. Similarly, the ones labeled by L are obtained from
the Poisson bracket on h∗⋉G which is, in view of the matched pair decomposition (g∗⋊H) ⊲⊳ (h∗⋊G)
of the total space (g∗ ◮◭ h∗)⋊ (G ⊲⊳ H),
{H,F}h∗⋊G (ν, g) =
〈
T ∗ρg(
δH
δg
),
δF
δν
〉
−
〈
T ∗ρg(
δF
δg
),
δH
δν
〉
+
〈
ν, [
δH
δν
,
δF
δν
]
〉
(3.8)
for two functions H = H(ν, g) and F = F(ν, g). Comparing (3.8) with the canonical Poisson bracket
(B.13) on g∗ ⋊G, we observe that the roles of dual spaces h∗ and g∗, and the cotangent lifts T ∗ρg and
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T ∗Rg are interchanged. Note that, the Poisson bracket (3.8) is non-degenerate if the action ρ is free
and transitive.
3.2. Lie-Poisson reduction. It follows from the discussion in Appendix C that the action of G ⊲⊳ H
on the trivialized space (g∗ ◮◭ h∗)⋊ (G ⊲⊳ H) is symplectic.
Proposition 3.3. The Lie-Poisson bracket of two functions H = H(µ, ν) and F = F(µ, ν) on g∗ ◮◭ h∗
is given by
{H,F}g∗◮◭h∗ (µ, ν) =
〈
µ,
[
δH
δµ
,
δF
δµ
]〉
+
〈
ν,
[
δH
δν
,
δF
δν
]〉
︸ ︷︷ ︸
A: direct product
+(3.9)
〈
µ,
δH
δν
⊲
δF
δµ
〉
−
〈
µ,
δF
δν
⊲
δH
δµ
〉
︸ ︷︷ ︸
B: via the action ρ
+
〈
ν,
δH
δν
⊳
δF
δµ
〉
−
〈
ν,
δF
δν
⊳
δH
δµ
〉
︸ ︷︷ ︸
C: via the action σ
.
Proof. The Poisson reduction of the symplectic manifold (g∗ ◮◭ h∗) ⋊ (G ⊲⊳ H) with respect to the
action of G ⊲⊳ H yields the Lie-Poisson bracket on g∗ ◮◭ h∗. Alternatively, it can be defined directly by
{H,F}g∗◮◭h∗ (µ, ν) =
〈
δg∗◮◭h∗(µ, ν),
(
δH
δµ
,
δH
δν
)
⊗
(
δF
δµ
,
δF
δν
)〉
.
Hence, the claim follows from the Lie coalgebra structure (2.6). 
We call (3.9) the matched Lie-Poisson bracket. The terms labeled by A correspond to the Lie-
Poisson brackets (C.3) on g∗ and h∗, respectively. The third and fourth terms, labeled by B are the
manifestations of the left action of the group H on G, and those labeled by C are the incarnations of
the right action of G on H.
We note that the Lie-Poison bracket on the direct product (g× h)∗ = g∗ × h∗, regarding the mutual
actions trivial, is represented by the terms labeled by A. Assuming only the right action of G on H to
be trivial, the terms labeled by A and B encode the Lie-Poison bracket on the semi-direct coproduct
(g ⋊ h)∗ = g∗ >◭ h∗. Finally, the terms labeled by A and C together form the Lie-Poison bracket on
the semi-direct coproduct (g ⋉ h)∗ = g∗ ◮< h∗. We refer the reader to [19, 23, 24, 26, 27, 31] for the
semi-direct product theories.
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Corollary 3.4. The Lie-Poisson equations on g∗ ◮◭ h∗ are
(3.10)


dµ
dt
= ad∗δH
δµ
(µ) + µ
∗
⊳
δH
δν
+ a∗δH
δν
ν,
dν
dt
= ad∗δH
δν
(ν) +
δH
δµ
∗
⊲ ν + b∗δH
δµ
µ.
3.3. Poisson Reduction by the actions of G and H. The groups G and H act on their matched
pair G ⊲⊳ H, and these actions can be lifted to the dual space g∗ ◮◭ h∗, and to the cotangent bundle
T ∗(G ⊲⊳ H). In view of (2.33), we arrive at the actions on the trivialized space (g∗ ◮◭ h∗) ⋊ (G ⊲⊳ H).
We note that this is equivalent to the group multiplication (2.34) on (g∗ ◮◭ h∗)⋊ (G ⊲⊳ H), regarding
G and H as subgroups. We further remark that these actions of G and H on (g∗ ◮◭ h∗) ⋊ (G ⊲⊳ H)
are symplectic. Poisson reduction of the total space (g∗ ◮◭ h∗) ⋊ (G ⊲⊳ H) by the right action of the
group H results with the semi-direct product Poisson manifold (g∗ ◮◭ h∗) ⋊G with a Poisson bracket
which is structurally the same as (3.7) without the terms labeled by M1. The Poisson reduction of
(g∗ ◮◭ h∗)⋊G under the right action of G results with the Lie-Poisson bracket (3.10) on g∗ ◮◭ h∗, [18].
3.4. Symplectic Reduction by G. The symplectic action of the group G on the trivialized total space
(g∗ ◮◭ h∗)⋊ (G ⊲⊳ H) is generated by the right invariant vector fields X(0,0,ξ,0), taking µˆ, νˆ, η to be zero
in (3.1). Following the definition of the momentum mapping presented in (A.2), the momentum map
J
G
L is the projection from (g
∗ ◮◭ h∗)⋊ (G ⊲⊳ H) to the first factor g∗. Hence the preimage of a regular
value µ is isomorphic to h∗ ⋊ (G ⊲⊳ H). The isotropy subgroup Gµ acts on the preimage as
Gµ × (h∗ ⋊ (G ⊲⊳ H)) 7→ h∗ ⋊ (G ⊲⊳ H), (g, (ν, g2, h)) 7→ (g
∗
⊲ ν, gg2, h).
The reduced symplectic manifold is then the quotient space Gµ/(h
∗
⋊ (G ⊲⊳ H)) by the action of the
isotropy subgroup Gµ. This quotient space is diffeomorphic to the product manifold (Gµ/h
∗)×Oµ×H.
Here, Gµ/h
∗ is the set of right cosets whose elements are denoted by
Gµ/h
∗ = {Gµ [ν] := Gµ
∗
⊲ ν | ν ∈ h∗}.
We identify the tangent space T
Gµ [ν]
(Gµ/h
∗) with gµ/h
∗ = {gµ [ν] := gµ
∗
⊲ ν | ν ∈ h∗} where gµ is the
isotropy Lie subalgebra consisting of ξ ∈ g satisfying ad∗ξµ = 0, and a representative of gµ [ν] is given
by ξ
∗
⊲ ν = νˆ for ξ ∈ gµ. Note that, the tangent space TµOµ of the coadjoint orbit Oµ consists of the
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elements of the form ad∗ξµ, with ξ ∈ g. Then the reduced symplectic two form ΩG/ takes the value
ΩG/((νˆ1, ad
∗
ξ1µ, TRhη1), (νˆ2, ad
∗
ξ2µ, TRhη2)) = 〈νˆ2, η1〉 − 〈νˆ1, η2〉+ 〈(µ, ν), [(ξ1, η1), (ξ2, η2)]〉
on two vectors (νˆi, ad
∗
ξi
µ, TRhηi), i = 1, 2, in the tangent space at the point
(
Gµ [ν], µ, h
)
. This symplectic
structure is independent ofH, hence, a symplectic reduction and a Poisson reduction of (Gµ/h
∗)×Oµ×H
with respect to the right action of H are also possible. Note also that, in this case, the reduction by
stages [18] cannot be applicable since either G or H are not necessarily normal subgroups of their
matched pair.
3.5. Legendre Transformation. In our previous work [6], we have been able to write the matched
Euler-Lagrange equation on the (left) trivialization of the tangent bundle T (G ⊲⊳ H) and Euler-Poincaré
equations on the matched pair Lie algebra g ⊲⊳ h. In this subsection, we construct the Legendre
transformation from the Lagrangian dynamics on T (G ⊲⊳ H) and g ⊲⊳ h to the Hamiltonian dynamics
on T ∗(G ⊲⊳ H) and g∗ ◮◭ h∗.
A Lagrangian density L = L (g, h, ξ, η) on (G ⊲⊳ H)⋉ (g ⊲⊳ h) generates the matched Euler-Lagrange
equations 

d
dt
δL
δξ
= T ∗eGLg
(
δL
δg
)
∗
⊳ h+ T ∗eGσh
(
δL
δh
)− ad∗ξ δLδξ + δLδξ ∗⊳ η + a∗η δLδη ,
d
dt
δL
δη
= T ∗eHLh
(
δL
δh
)− ad∗η δLδη − ξ ∗⊲ δLδη − b∗ξ δLδξ .
(3.11)
When the Lagrangian is independent of the group variables g and h, that is, when there is a symmetry
under the left action of the group G ⊲⊳ H, then the matched pair Euler-Lagrange equations (3.11) reduce
to the matched Euler-Poincaré equations

d
dt
δL
δξ
= −ad∗ξ δLδξ + δLδξ
∗
⊳ η + a∗η
δL
δη ,
d
dt
δL
δη
= −ad∗η δLδη − ξ
∗
⊲
δL
δη − b∗ξ δLδξ
(3.12)
on the Lie algebra g ⊲⊳ h.
We recall the diagram presented in (D.6) summarizing the Legendre transformation from the left
trivialization of the tangent bundle to the right trivialization of the cotangent bundle. From this, we
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first define a total energy
(3.13) HL(g, h, ξ, η, µL, νL) = 〈µL, ξ〉+ 〈νL, η〉 − L(g, h, ξ, η)
on the left trivialization of the Pontryagin space T (G ⊲⊳ H) ×G⊲⊳H T ∗(G ⊲⊳ H). When the Lagrangian
is non degenerate, it is possible to solve the Lie algebra variables ξ and η in terms of the dual space
elements µL, νL from the equations
(3.14) µL =
δL
δξ
, νL =
δL
δη
.
As such, the mapping
(G ⊲⊳ H)⋉ (g ⊲⊳ h)→ (G ⊲⊳ H)⋉ (g∗ ◮◭ h∗) (g, h, ξ, η) → (g, h, δL
δξ
,
δL
δη
)
becomes a diffeomorphism. In order to arrive at the Hamiltonian formulation on the right trivialization
of the cotangent bundle, we employ the mapping
Φ : (G ⊲⊳ H)⋉ (g∗ ◮◭ h∗)→ (g∗ ◮◭ h∗)⋊ (G ⊲⊳ H), (g, h, δL
δξ
,
δL
δη
)→ (Ad∗(g,h)−1(
δL
δξ
,
δL
δη
), g, h),
presented in (D.1). Here, Ad∗ is the coadjoint action given in (2.31). If the Lagrangian is free from the
group variables then this two step transformation takes the particular form
g ⊲⊳ h→ g∗ ◮◭ h∗, (ξ, η)→ (Ad∗(g,h)−1(
δL
δξ
,
δL
δη
)).
For the degenerate cases, such a direct transformation is not possible. The Tulczyjew triplet is the
geometric structure which enables the Legendre transformation for the degenerate systems [35]. We also
refer to [4, 5, 36] for the Lie groups.
4. Example: Hamiltonian Dynamics on the group SL(2,C)
In this section we study the Hamiltonian dynamics on the dual space of the Lie algebra of SL(2,C).
To this end we first recall the matched pair decomposition SL(2,C) = SU(2) ⊲⊳ K into SU(2) and its
half-real form K from [14]. It then follows that sl(2,C) = su(2) ⊲⊳ K, corresponding to the Iwasawa
decomposition of sl(2,C) as a real Lie algebra, where su(2) is the Lie algebra of SU(2) and K is the Lie
algebra of the group K.
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We shall continue to follow the notation of [6], namely,
A ∈ SU(2), B ∈ K, X,X1,X2 ∈ su(2) ≃ R3, Y,Y1,Y2 ∈ K ≃ R3,
Φ ∈ su∗(2) ≃ R3, Ψ ∈ K∗ ≃ R3, k = (0, 0, 1) ∈ R3,(4.1)
for the generic elements of the groups SU(2) and K, their Lie algebras su(2) and K, and their linear
duals su(2)∗ and K∗.
We recall that the group SU(2) is the matrix Lie group
SU(2) =



 ω ϑ
−ϑ¯ ω¯

 ∈ SL(2,C) : |ω|2 + |ϑ|2 = 1

 ,
with the Lie algebra
su(2) =

−ι2

 t r − ιs
r + ιs −t

 : r, s, t ∈ R


of traceless skew-hermitian matrices. Following [14] we fix
e1 =

 0 −ι/2
−ι/2 0

 , e2 =

 0 −1/2
1/2 0

 , e3 =

 −ι/2 0
0 ι/2


as a basis of su(2), via which we identify the Lie algebra su(2) with the Lie algebra R3 by cross product,
re1 + se2 + te3 ∈ su(2) 7→ X = (r, s, t) ∈ R3.
Moreover, using the Euclidean dot product, we also identify the dual space su(2)∗ of su(2) ≃ R3 with
R
3. Then the coadjoint action of the Lie algebra su(2) ≃ R3 on su(2)∗ ≃ R3 is given by
(4.2) ad∗ : su(2)× su(2)∗ → su(2)∗, (X,Φ) 7→ ad∗XΦ = X×Φ,
for X ∈ su(2) ≃ R3 and Φ ∈ su∗(2) ≃ R3.
We recall also the subgroup K ⊆ SL(2,C) which is given by
K =

 1√1 + c

 1 + c 0
a+ ib 1

 ∈ SL(2,C) | a, b ∈ R and c > −1

 .
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The group K can be identified with
K =
{
(a, b, c) ∈ R3 | a, b ∈ R and c > −1} ,
where the group operation is
(a1, b1, c1) ∗ (a2, b2, c2) = (a1, b1, c1)(1 + c2) + (a2, b2, c2).
In this case K = R3 with the Lie bracket
(4.3) [Y1,Y2] = k× (Y1 ×Y2),
where k is the unit vector (0, 0, 1). Then, the coadjoint action of the Lie algebra K ≃ R3 on its dual
space K∗ ≃ R3 can be computed as
(4.4) ad∗ : K× K∗ → K∗, (Y,Ψ) 7→ ad∗YΨ = (k ·Y)Ψ− (Ψ ·Y)k,
for any Y ∈ K ≃ R3, and any Ψ ∈ K∗ ≃ R3.
Recalling from [6], the mutual actions of the Lie algebras su(2) and K are given by
⊲ : K× su (2)→ su (2) , (Y,X) 7→ Y ⊲ X := Y × (X× k),
⊳ : K× su (2)→ K, (Y,X) 7→ Y ⊳ X := X×Y,
for any Y ∈ K ∼= R3, and any X ∈ su (2) ∼= R3. Accordingly, the dual actions are given by
∗
⊳ : su (2)∗ × K→ su (2)∗ , (Φ,Y) 7→ Φ ∗⊳ Y := Φ× (k×Y),(4.5)
∗
⊲ : su (2)× K∗ → K∗, (X,Ψ) 7→ X ∗⊲ Ψ := Ψ×X.(4.6)
We recall the mappings (2.23) and (2.13), and write for the case of sl(2,C) as follows
aY : su (2)→ K, X 7→ X×Y
bX : K→ su (2) , Y 7→ Y × (X× k),
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whose duals are given by
a∗Y : K
∗ → su (2)∗ , Ψ 7→ a∗Y(Ψ) = Y ×Ψ(4.7)
b∗X : su (2)
∗ → K∗, Φ 7→ b∗XΦ = (Φ · k)X− (Φ ·X)k(4.8)
respectively.
Finally, the matched Lie-Poisson equations (3.10) for a Hamiltonian function H = H(Φ,Ψ) on
R
3 ◮◭ R3 take the form of
(4.9)


dΦ
dt
=
(
δH
δΦ
+
δH
δΨ
× k
)
×Φ+ δH
δΨ
×Ψ,
dΨ
dt
=
(
k · δH
δΨ
)
Ψ−
(
Ψ · δH
δΨ
+Φ · δH
δΦ
)
k+Ψ× δH
δΦ
+ (Φ · k)δH
δΦ
.
5. Conclusion and Discussions
In this paper, we have presented the canonical symplectic and Poisson structures on the (right)
trivialization of the cotangent bundle T ∗(G ⊲⊳ H) of a matched pair Lie group G ⊲⊳ H, see equations
(3.3) and (3.7). We have written the Hamiltonian dynamics on the trivialized bundle, and applied
the Poisson and the symplectic reductions under the group actions G and G ⊲⊳ H. The matched Lie-
Poisson bracket (3.9) and the matched Lie-Poisson equations (3.10) have been derived dualizing the Lie
coalgebra structure on g∗ ◮◭ h∗. As an example, we have written the Lie-Poisson equations on the dual
space R3 ◮◭ R3.
Inspired by the Kac decomposition [8, 30], in a forthcoming paper, we are planning to study the case
of diffeomorphism groups.
Appendix A. Symplectic and Poisson Reductions
Let Q be a smooth manifold, and T ∗Q is its cotangent bundle. There exists a canonical one-form
θT ∗Q on T
∗Q whose exterior derivative is the canonical symplectic two-form ωT ∗Q. Let also, a Lie group
G acts on T ∗Q symplectically inducing an Ad∗-equivariant momentum map JT ∗Q : T
∗Q → g∗ given by
(A.1) 〈JT ∗Q (z) , ξ〉 =
〈
θT ∗Q,X
T ∗Q
ξ
〉
(z) ,
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where the pairing on left hand side is the one between g∗ and g, and the pairing on right hand side is
the one between T ∗z T
∗Q and TzT ∗Q, [1, 3, 7, 11, 21]. Here, XT ∗Qξ is the infinitesimal generator of the
action corresponding to ξ ∈ g.
In particular, let the left action T ∗Φg−1 of G on T
∗Q be the cotangent lift of a left action Φg of G on
Q generated by the vector fields XQξ . In this case, the action is symplectic, generated by the cotangent
lift XT
∗Q
ξ = (X
Q
ξ )
c∗ of XQξ satisfying the identity TπQ ◦ XT
∗Q
ξ = X
Q
ξ ◦ πQ, and the momentum map
turns out to be
(A.2) 〈JT ∗Q (z) , ξ〉 =
〈
z,XQξ
〉
.
Let Gµ be the isotropy group of µ ∈ g∗ under the coadjoint action Ad∗ of G. Let also µ be a regular
value of J, that is, J−1 (µ) is a submanifold of T ∗Q, and it is an invariant set for dynamics. As a result,
J
−1 (µ) inherits the left action of the Lie group Gµ. If this action is free and proper, then T
∗QG/ := Gµ/
J
−1
T ∗Q (µ) is a manifold, called the reduced phase space. Let ıµ : J
−1 (µ)→ T ∗Q be the natural injection,
and χµ : J
−1 (µ) → Gµ/J−1T ∗Q (µ) be the projection. The reduced manifold Gµ/J−1T ∗Q (µ) has a unique
symplectic structure Ωµ satisfying χ
∗
µΩµ = ıµΩT ∗Q. In short, the following diagram commutes (known
as the symplectic reduction theorem [25, 28]):
(A.3) J−1T ∗Q (µ)
ıµ
//
χµ

T ∗Q
pµ
ww♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦
T ∗QG/ := Gµ/J−1T ∗Q (µ)
where pµ is the projection from T
∗Q to the reduced space T ∗QG/.
In order to evaluate the symplectic form, let [z] ∈ T ∗QG/ and X[z], Y[z] ∈ T[z]T ∗QG/. Then, for
z ∈ p−1µ ([z]), we have Tzpµ (Xz) = X[z] and Tzpµ (Yz) = Y[z], and the value of symplectic form is given
by
(A.4) Ωµ ([z])
(
X[z], Y[z]
)
= Ω(z)|
J−1(µ) (Xz, Yz) .
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Given a G-invariant Hamiltonian function h, the reduced Hamiltonian function is hµ = h ◦ pµ. Then
the corresponding Hamiltonian vector fields Xh and Xhµ are pµ-related, and the trajectories of Xh
project onto those of Xhµ .
Let (P, { , }P) be a Poisson manifold with a free, proper, and canonical action of a Lie group G. There
is then a Poisson structure on the quotient manifold P/G which makes the projection π : P → P/G
a Poisson map. For the G-invariant functions f and h on P, the Poisson structure on the quotient is
given by
(A.5) {f ◦ π, h ◦ π}P/G = {f, h}P ◦ π.
This procedure is called the Poisson reduction [20].
Appendix B. Hamiltonian Dynamics on Lie groups
The cotangent lifts of the left and right translations on G result with the actions of G on its cotangent
bundle T ∗G given by
G× T ∗G 7→ T ∗G, (g1, αg2) 7→ T ∗g1g2Lg−11 αg2 ,(B.1)
T ∗G×G 7→ T ∗G, (αg1 , g2) 7→ T ∗g1g2Rg−12 αg1 ,(B.2)
respectively. On the other hand, the cotangent bundle T ∗G admits global trivializations
trRT ∗G : T
∗G 7→ g∗ ⋊G, αg 7→ (µ = T ∗eRgαg, g),(B.3)
trLT ∗G : T
∗G 7→ G⋉ g∗, αg 7→ (µ = T ∗e Lgαg, g),(B.4)
by which the semi-direct product Lie group structures
(µ1, g1)(µ2, g2) = (µ1 +Ad
∗
g1µ2, g1g2),(B.5)
(g1, µ1)(g2, µ2) = (g1g2, Ad
∗
g−12
µ1 + µ2),(B.6)
on g∗ ⋊ G and G ⋉ g∗, respectively, are pulled back to T ∗G. As such, the cotangent bundle carries a
group structure as well, [12]. The Lie algebra of the group g∗ ⋊ G is the semi-direct sum Lie algebra
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g∗ ⋊ g equipped with the Lie bracket
[(µˆ1, ξ1), (µˆ2, ξ2)] =
(
ad∗ξ1 µˆ2 − ad∗ξ2 µˆ1, [ξ1, ξ2]
)
,
for two generic elements (µˆ1, ξ1), (µˆ2, ξ2) ∈ g∗⋊g. Similarly, the Lie algebra g⋉g∗ admits the semi-direct
sum Lie algebra structure given by
[(ξ1, µˆ1), (ξ2, µˆ2)] =
(
[ξ1, ξ2], ad
∗
ξ1 µˆ2 − ad∗ξ2 µˆ1
)
,
Accordingly, the lifted left and the right actions (B.1) and (B.2) on the (right) trivialized - by (B.3)
- cotangent bundle are given by
G× (g∗ ⋊G) 7→ g∗ ⋊G, (g1, (g2, µ2)) = (Ad∗g1µ2, g1g2),(B.7)
(g∗ ⋊G)×G 7→ g∗ ⋊G, (µ1, g1)(g2) = (µ1, g1g2),(B.8)
or directly by setting µ1 (and respectively µ2) to be zero in the group operation (B.5).
Being a cotangent bundle, T ∗G is a symplectic manifold carrying an exact symplectic two-form. Using
the (right) trivialization map (B.3), the canonical one-form θT ∗G, and the symplectic two-from ΩT ∗G
on T ∗G, can be pushed forward to g∗ ⋊G. As such, there appears a one-form θg∗⋊G, and a symplectic
two-form Ωg∗⋊G on the semidirect product Lie group g
∗
⋊G.
Recalling that the right invariant vector fields Xg
∗⋊G
(µˆ,ξ) on g
∗
⋊G are determined uniquely by an element
(µˆ, ξ) in the Lie algebra g∗ ⋊ g of g∗ ⋊G as
(B.9) Xg
∗⋊G
(µˆ,ξ) (µ, g) =
(
µˆ+ ad∗ξµ, TRgξ
)
,
the values of the one-form θg∗⋊G, and the symplectic two-from Ωg∗⋊G, on the right invariant vector
fields RXg
∗⋊G
(µˆ,ξ) are given by 〈
θg∗⋊G,X
g∗⋊G
(µˆ,ξ)
〉
(µ, g) = 〈µ, ξ〉 ,(B.10) 〈
Ωg∗⋊G;
(
Xg
∗⋊G
(µˆ1,ξ1)
,Xg
∗⋊G
(µˆ2,ξ2)
)〉
(µ, g) = 〈µˆ2, ξ1〉 − 〈µˆ1, ξ2〉+ 〈µ, [ξ1, ξ2]〉 ,(B.11)
where the bracket in the right hand side of the second line is the Lie algebra bracket on g, see [1, 2, 17].
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It is thus possible to derive the Hamilton’s equations on the trivialized cotangent bundle. The
Hamilton’s equations are defined by iXHΩ = dH. Hence, for a Hamiltonian function H(µ, g) on g∗⋊G,
the Hamilton’s equations turn out to be
(B.12) µ˙ = −T ∗Rg(δH
δg
) + ad∗δH
δµ
µ, g˙ = TRg(
δH
δµ
).
The canonical Poisson bracket of two functionals H and F on g∗ ⋊G is similarly given by
(B.13) {H,F}g∗⋊G (µ, g) =
〈
T ∗Rg(
δH
δg
),
δF
δµ
〉
−
〈
T ∗Rg(
δF
δg
),
δH
δµ
〉
+
〈
µ, [
δH
δµ
,
δF
δµ
]
〉
.
Appendix C. Reductions of Hamiltonian Dynamics on Lie Groups
The infinitesimal generators of the left action of G on g∗ ⋊G are the right invariant vector fields on
g∗⋊G, and they are of the form RXg
∗⋊G
(0,ξ)
, simply by setting µˆ = 0 in (B.9). It then follows from (A.1) and
(B.10) that the momentum mapping JL of the left action of G on g
∗
⋊G becomes simply the projection
onto the first factor, that is, JL : (µ, g) 7→ µ. In other words, the inverse image J−1L (µ) ∈ g∗ ⋊ G of
any µ ∈ g∗ can be identified with the group G. In this case, the isotropy subgroup Gµ of the coadjoint
action is given by
{
g ∈ G : AdR∗g µ = µ
}
. Hence, each quotient space Gµ/J
−1
L (µ) is isomorphic to the
coadjoint orbit Oµ =
{
Ad∗gµ ∈ g∗ : g ∈ G
}
through the point µ ∈ g∗. More explicitly, the identification
Gµ/G ∼= Oµ is given by [g]µ 7→ Ad∗gµ. As a result, the reduction diagram (A.3) turns out to be
(C.1) J−1L (µ) = G
ıµ
//
χµ

g∗ ⋊G
pµ
yytt
tt
tt
tt
tt
tt
tt
tt
tt
tt
tt
t
Gµ/J
−1
L (µ) = Oµ
.
The reduced space Oµ is a symplectic manifold with the reduced symplectic Kostant-Krillov-Souriau
two-form Ω
G/
g∗⋊G whose values on the vectors X
Oµ
ξ (µ) = ad
∗
ξµ are given by
(C.2)
〈
Ω
G/
g∗⋊G; (X
Oµ
ξ1
,X
Oµ
ξ2
)
〉
(µ) = 〈µ, [ξ1, ξ2]〉 ,
which is the well-known form of the coadjoint orbit symplectic structure.
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The group G acts on the symplectic manifold (g∗ ⋊ G,Ωg∗⋊G) from the right as well, (B.8). A
Hamiltonian is invariant under this action if it is independent of the group variable. According to the
Poisson reduction formula (A.5), for two such functions H = H(µ) and F = F(µ), the canonical Poisson
bracket (B.13) reduces to the Lie-Poisson bracket on the dual space g∗. Namely,
(C.3) {H,F}g∗ (µ) =
〈
µ, [
δH
δµ
,
δF
δµ
]
〉
,
where δHδµ ,
δF
δµ ∈ g, and the bracket on the right hand side is the Lie algebra bracket on g assuming the
reflexivity .
In the reduced picture, the dynamics is governed by the Lie-Poisson equations, which can be obtained
by setting δHδg to be zero in (B.12), see [22],
(C.4) µ˙ = ad∗δH
δµ
µ
for a Hamiltonian function H = H(µ).
Finally, the symplectic leaves of g∗ equipped with the Lie-Poisson bracket (C.3) are the coadjoint
orbits Oµ of the symplectic reduction (C.1), using (C.2), [9, 10, 33].
Appendix D. The Legendre Transformation
In order to connect the Hamiltonian dynamics presented in (B.12) to the Lagrangian dynamics (we
recall below), the Hamilton’s equations are written on the left trivialization G ⋉ g∗ of the cotangent
bundle T ∗G, by (B.4). To this end, it suffices to consider the mapping
(D.1) Φ : G⋉ g∗ → g∗ ⋊G (g, µL)→ (Ad∗gµL, g).
Then, for any real-valued function H on g∗ ⋊G, there is a real-valued function HL = H ◦Φ on G⋉ g∗.
Substitutions of the variations
δH
δg
=
δHL
δg
+ T ∗Rg−1 ◦ Ad∗g ◦ ad∗δHL
δµL
µL,
δH
δµ
= Adg
δHL
δµL
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into the Hamilton’s equations (B.12), and a direct calculation, result with the left version of the Hamil-
ton’s equations
(D.2) µ˙ = −T ∗Lg(δH
L
δg
)− ad∗
δHL
δµL
µL, g˙ = TLg(
δHL
δµL
)
on G ⋉ g∗. If, in particular, the Hamiltonian is free from the group variable, then the last equations
descend to the Lie-Poisson equations with a negative sign
(D.3) µ˙ = −ad∗
δHL
δµL
µL, g˙ = TLg(
δHL
δµL
).
On the other hand, the trivialized Euler-Lagrange equations generated by a Lagrangian L = L(g, ξ) on
the left trivialization G⋉ g of the tangent bundle TG are
(D.4)
d
dt
δL
δξ
= T ∗e Lg
δL
δg
− ad∗ξ
δL
δξ
,
[6]. For µL = δLδξ , the function
(D.5) HL(g, ξ, µL) = 〈µL, ξ〉 − L(g, ξ)
on the left trivialization G ⋉ (g × g∗) of the Whitney product T ∗G ×G TG is known as the total
energy function. If the Lagrangian is nondegenerate, then ξ can be solved as a function of µL from the
equality µL = δLδξ to obtain a nondegenerate Hamiltonian function on G⋉g
∗. In this case, the Legendre
transformation converts the Hamilton’s equations (D.2) to the trivialized Euler-Lagrange equations
(D.4). It is immediate now to write the Legendre transformation for the left invariant formulations that
is, when the Lagrangian (resp. Hamiltonian) function is free from group variable. We refer [4, 5] for the
cases where the dynamics is not necessarily nondegenerate.
Finally, the Legendre transformation from the left Lagrangian dynamics to the right Hamilton’s
equations is given by the commutative diagram
(D.6) G⋉ g
Φ◦FL
//
L
""❊
❊❊
❊❊
❊❊
❊
g∗ ⋊G
H
||①①
①①
①①
①①
①
R
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where FL stands for the fiber derivative δLδξ of the Lagrangian, and Φ ◦FL : (g, ξ) 7→ (Ad∗g−1 δLδξ , g) is the
Legendre transformation.
Appendix E. Lie coalgebras
A vector space G is called a Lie coalgebra if there is a linear map δ : G → G ⊗ G denoted by
δ(µ) = µ[1] ⊗ µ[2] such that
µ[1] ⊗ µ[2] = −µ[2] ⊗ µ[1], µ[1] ⊗ µ[2][1] ⊗ µ[2][2] + µ[2][1] ⊗ µ[2][2] ⊗ µ[1] + µ[2][2] ⊗ µ[1] ⊗ µ[2][1] = 0,
see [16, 29]. The linear algebraic dual G∗ of G is a Lie algebra. Inversely, dual g∗ of the Lie algebra g
is a Lie coalgebra with the cobracket given by
〈δ(µ), (ξ1, ξ2)〉 = 〈µ, [ξ1, ξ2]〉.
Let (G, δ) be a Lie coalgebra and V be an arbitrary vector space. V is called a (right) G-comodule if
there exists a map, called the right coaction of a Lie coalgebra, ∇ : V → V ⊗G given by ∇(v) = v[0]⊗v[1]
such that
v[0] ⊗ v[1][1] ⊗ v[1][2] = v[0][0] ⊗ v[0][1] ⊗ v[1] − v[0][0] ⊗ v[1] ⊗ v[0][1]
for any v ∈ V . Similarly, V is called a left G-comodule, if there is a mapping, called the left coaction of
a Lie coalgebra, ∇ : V → G⊗ V , ∇(v) = v[−1] ⊗ v[0] , such that
v[−1][1] ⊗ v[−1][2] ⊗ v[0] = v[−1] ⊗ v[0][−1] ⊗ v[0][0] − v[0][−1] ⊗ v[−1] ⊗ v[0][0]
for any v ∈ V .
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